ABSTRACT. In this paper, we completely characterize the finite rank commutator and semi-commutator of two monomial-type Toeplitz operators on the Bergman space of certain weakly pseudoconvex domains. Somewhat surprisingly, there are not only plenty of commuting monomial-type Toeplitz operators but also non-trivial semi-commuting monomialtype Toeplitz operators. Our results are new even for the unit ball.
INTRODUCTION
The Toeplitz operators on certain pseudoconvex domains in C n have been the object of much study. See [1, 5, 10, 13] for example. In this paper, we shall consider Toeplitz operators on the weakly pseudoconvex domains
where m = (m 1 , · · · , m n ) is an n-tuple of positive integers. We shall suppose n > 1 to avoid trivialities throughout the paper. Then for each z = (z 1 , · · · , z n ) ∈ C n , we denote Note that these expressions define a set of coordinates (r, ζ) for every z ∈ C, these coordinates are called m-polar coordinates (see [13] , the commutator and semi-commutator are defined by [T f1 , T f2 ] = T f1 T f2 −T f2 T f1 and (T f1 , T f2 ] = T f1 T f2 −T f1f2 , respectively.
The problem of characterizing when two Toeplitz operators commute or semi-commute on the Bergman space over various domains has been a long-term research topic. For example, on the setting of the Bergman space over the unit disk, the Brown-Halmos type theorems were obtained in [2] and [3] for Toeplitz operators with harmonic symbols, and many other types of (semi-)commuting Toepltz operators with quasihomogeneous symbols were found in [4, 7, 14, 15] . However, the general (semi-)commuting problem remains open on the unit disk, and it becomes even more delicate and more challenging on higherdimensional balls, see [6, 11, 12, 16, 18, 19] for example.
Just recently, the second author and Zhu in [8] completely characterized when the commutators and semi-commutators of two monomial Toeplitz operators on the Bergman space of the unit ball A 2 (B n ) have finite rank. In this paper, we take the weakly pseudoconvex domain Ω n m as our domain and consider more general symbols, namely, the monomial-type symbols. Recall that the monomial-type symbol is the function ϕ : Ω n m → C given by ϕ(z) = r l ζ p ζ q for p, q ∈ N n , l ∈ R + (Here R + denotes the set of all nonnegative real numbers). In this case, the corresponding Toeplitz operator T ϕ is called a monomial-type Toeplitz operator.
To state our main results, we need some notations.
If m i = 1 for all i ∈ {1, · · · , n}, then we will use the usual notation |α| to take instead
+ is called to satisfy Condition (I) if at least one of the following conditions holds.
For p, q, s, t ∈ N n , Theorem A of [8] 
Clearly, conditions (c4) and (c5) produce lots of non-trivial commuting monomial Toeplitz operators on A 2 (B n ), see [8, Example 6] . On the setting of the Bergman space over the weakly pseudoconvex domain Ω n m , Barranco and Nungaray [13] studied the commutativity of two Toeplitz operators with special k-quasi-homogeneous symbols. Here k = (k 1 , · · · , k τ ) is a partition of n, and then each z ∈ C n can be decomposed into τ pieces. Inspired by [8, Theorem A], we obtain the following general result which gives two non-trivial sufficient conditions for two k-quasi-homogeneous Toeplitz operators commuting on A 2 (Ω n m ). Proposition 1. Let p, q, s, t ∈ N n , and let ϕ and ψ be bounded k-quasi-radial functions on Ω n m . Suppose one of the following statements holds:
Then the operators T ζ p ζ q ϕ and
Since the proof of this result is a direct calculation using [13, Lemma 3.6], we leave it to the interested reader. Unfortunately, so far no other non-trivial case was obtained for two kquasi-homogeneous Toeplitz operators commuting even on A 2 (B n ). In this paper, we will give many new commuting Toeplitz operators on A 2 (Ω n m ) induced by the monomial-type symbols.
Our first main result not only shows that there is no nonzero finite rank commutator of two monomial-type Toeplitz operators on A 2 (Ω n m ), but also gives the sufficient and necessary condition for such two operators to be commutative.
Then the following statements are equivalent. 
for any η ∈ C on some right half-plane. In this case,
While one would wish for a more conceptual conclusion, there exist too many cases for the tuple (| p|, | s|, µ, ν, a, b) satisfying the identity (1). Consequently, the commuting monomial-type Toeplitz operators on A 2 (Ω n m ) involves not only the predictable cases but also plenty of non-trivial cases (see Corollary 7 and Example 8). It is also worth to mention that the weakly pseudoconvex domains Ω n m have many rich structural characteristics. For example, two of these domains are biholomorphically equivalent only if the corresponding m i 's are the same up to permutation (see [17] for example). However, the operator theory on such family of domains becomes even more complicated and interesting (see Example 9) .
As a consequence of Theorem 2, some interesting necessary conditions for two monomialtype Toeplitz operators commuting on A 2 (Ω n m ) are obtained (see Corollary 10) . Consequently, there exist a finite number of the combination of the tuple (| p|, | s|, µ, ν, a, b) satisfying the identity (1). Also, we get some differences of the operator theory between on the weakly pseudoconvex domains and on the unit ball.
For the finite rank semi-commutator problem, [8, Theorem B] showed that the semicommutator of two monomial Toeplitz operators on A 2 (B n ) has finite rank only in trivial cases: the first operator has conjugate analytic symbol or the second operator has analytic symbol. By contrast, our second result produces non-trivial cases for semi-commuting monomial-type Toeplitz operators on
Then the following statements are equivalent: From Theorem 3 we get that the semi-commutator of two monomial Toeplitz operators T z p z q and T z s z t on A 2 (Ω n m ) has finite rank if and only if either p = 0 or t = 0, which is parallel to the result in [8, Theorem B] . In sharp contrast to the monomial case, there exist many non-trivial semi-commuting monomial-type Toeplitz operators. Furthermore, it is interesting to observe that the operator T r (| q|−| p|) ζ p ζ q semi-commutes with all Toeplitz operators induced by symbol functions of the form r k ζ s . In addition, we would like to mention that the situation in the unit disk is quite different from the case of higher dimensional weakly pseudoconvex domains. In fact, the commutators or semi-commutators of two monomial-type Toeplitz operators on the Bergman space of the unit disk have finite rank only in several trivial cases, see [7, Corollaries 11 and 12] .
While the main idea of our method of proofs is adapted from [8] , substantial amount of unexpected analysis is required to overcome some different nature of the weakly pseudoconvex domains and monomial-type symbols. For example, the method of characterizing (semi-)commuting k-quasi-homogeneous Toeplitz operators relies on explicit formulas for the action of the operators on the orthonormal basis of the Bergman space. This action leads to a holomorphic identity on a domain in the complex n-space, see (8) for example. Then the most critical step in the proof is the analysis of such identity. To deal with this, [8] depended on the distribution of zeros of a holomorphic function, which does not work in the case of monomial-type symbols. In this paper, we devise a completely new approach, which simplify the proof greatly even though the domain and the operators seem more general and complicated than those in [8] . Roughly speaking, we rewrite the identity (8) as (9) and show that each function appeared in (9) must be a constant multiple of the exponent function. Since all of them are bounded on the right half-plane with a certain growth at infinity, they must be the constant function.
We end this introduction by mentioning that the implication (a) to (b) of Theorem 2 or Theorem 3 is in fact predictable: on the Bergman space, finite rank commutators and semi-commutators with bounded symbols are usually zero. For example, in the case of the Bergman space of the unit disk, Guo, Sun and Zheng [9] showed that there is no nonzero finite rank commutator or semi-commutator of Toeplitz operators induced by bounded harmonic symbols. But the problem is very much open for other symbol classes.
PROOFS OF THEOREMS 2 AND 3
We start this section with the following proposition which will play an essential role in the proofs of our main theorems. 
for any
for some complex constants c i and λ (independent of i).
Proof. Taking the natural logarithm on both sides of (2), we get
Fix any i ∈ {1, · · · , n} and take partial derivatives with respect to ζ i on both sides. The result is
So for any i = j we have f
Note that the left-hand side of (3) depends only on ζ i and the right-hand side depends only on ζ j , Therefore, both sides of (3) should be a constant independent of i. Then we have
λζi for some c i ∈ C, as desired.
Throughout the rest of this paper, we are going to use the following notations. For two multi-indexes α = (α 1 , · · · , α n ) and β = (β 1 , · · · , β n ) in N n , we write α + β = (α 1 + β 1 , · · · , α n + β n ) and α β if α i ≥ β i for all i ∈ {1, · · · , n}. To simplify the notation, we also write α + 1 = (α 1 + 1, · · · , α n + 1). The reader should have no problem accepting this slightly confusing notation. In addition, we will need to use the following formulas for integration on Ω n m and S n m :
for every f ∈ L 1 (Ω n m ), and
where dS denotes the hyper surface measure on S n m . For more details we refer the reader to [13] . Then a direct calculation gives the following simple lemma.
Proof. Fix any λ ∈ N n , then by (4) and (5) we have
is an orthonormal basis for A 2 (Ω n m ) (see [5] for example), we have if β + p q then T r l ζ p ζ q (z β ) = 0, and if β + p q then
This completes the proof.
We are now ready to prove Theorem 2 stated in the introduction, which characterizes all finite rank commutators for monomial-type Toeplitz operators on A 2 (Ω n m ).
Proof of Theorem 2. It is trivial that (b) implies (a).
To prove that (a) implies (c), we simply write
and define
Using the same argument as in the proof of [8, Lemma 3] , we can easily get that H p,q,a (ξ) is holomorphic and polynomially bounded on the domain
Then for each β ∈ N n with β γ, where
for each i ∈ {1, · · · , n}, it follows from Lemma 5 that
Assume T r l ζ p ζ q , T r k ζ s ζ t has finite rank, so the set T r l ζ p ζ q , T r k ζ s ζ t (z β ) : β γ contains only finite linearly independent vectors. Thus there exists some γ 0 ∈ N n such that
for all β γ 0 . Clearly, the function
is holomorphic and polynomially bounded on {ξ ∈ C n : Re ξ i ≥ γ i , 1 ≤ i ≤ n}. Then according to [11, Proposition 3.2] , we obtain
for all ξ ∈ C n with Re ξ i ≥ γ i , 1 ≤ i ≤ n. To simplify our computations later, we define
, · · · , n}, and
on {η ∈ C : Re η ≥ | γ + 1|}. Notice that if we replace ξi+1 mi by η i in (7), then the identity (8) becomes
Then by Proposition 4, we see that each function F i , 1 ≤ i ≤ n, should be a constant multiple of the exponential function (maybe degenerate to a constant). On the other hand, from the asymptotic expression of the logarithm of gamma function at infinity, it is known that
for large values of |η i | with Re η i > 0 and x, y ≥ 0. It is clear that each function F i is bounded on {η i ∈ C : Re η i ≥ (γ i + 1)/m i }. Consequently, we infer that each function F i is a constant function. Combining this with the definition of F i , we conclude that F i (η i ) = 1 for each i ∈ {1, · · · , n}.
Observe that
Fi(ηi) = 1. Using the formula Γ (η i + 1) = η i Γ (η i ), we deduce that
This clearly implies that the tuple (p i , q i , s i , t i ) satisfies Condition (I). Since F i (η i ) is the constant function 1, it follows from (9) that F (η) = 1, and so the identity (1) holds on {η ∈ C : Re η ≥ | γ + 1|}. This completes the proof that (a) implies (c). It remains to prove that (c) implies (b). In fact, if condition (c) holds, then F i (η i ) = 1 and F (η) = 1, and so (9) holds for η i with Re η i ≥ (γ i + 1)/m i , 1 ≤ i ≤ n. Thus,
for each β ∈ N n with β γ. For β ∈ N n with β γ, then γ i > β i ≥ 0 for some i ∈ {1, 2, · · · , n}. Using [8, Lemma 1] we have γ i = −p i + q i − s i + t i > β i , and hence Lemma 5 implies
Consequently, T r l ζ p ζ q , T r k ζ s ζ t = 0, as desired. This completes the proof.
In the rest of this section, we will prove Theorem 3 stated in the introduction, which completely characterizes all finite rank semi-commutators of two monomial-type Toeplitz operators on A 2 (Ω n m ). First, we need the following critical lemma. Lemma 6. Let p, q, s, t ∈ N n . If there exist some real numbers a and b such that
hold for any η over the right half-plane, then either | t| = 0 or | p| = 0.
Proof. Notice that the function on the right-hand side above is a rational function, so it has at most finitely many poles. Since the function Γ (η + | s|) has infinitely many poles, all but finitely many of them must be canceled. Therefore, either | t| or | p| is a nonnegative integer. First, we assume that | t| is a positive integer. We need to show that | p| = 0. If | t| = 1 or | t| = 2, then an elementary argument shows that either | p| = a = 0 or | p| = b − | s| + | t| = 0, as desired. So we consider | t| ≥ 3. Then (10) becomes
Since | t| = 0, it is clear that | p| = 1. To see that | p| = 0, let us assume that | p| > 0 and | p| = 1. Observe that | s| − | t| + 1 = | p| + | s| − | t| + i for any i ∈ {0, · · · , | t| − 1} and | p| + | s| − 1 > | s| − 1. It follows from (11) that
Consequently, one of the following conditions holds:
In each case, (11) becomes
for all j ∈ {0, · · · , | t| − 2} since | t| ≥ 3 and | p| > 0, a contradiction. This shows that | p| = 0. Next, we suppose | p| is a positive integer. Then by the same way as shown before, we get that | t| = 0. This completes the proof.
Proof of Theorem 3. It is trivial that (b) implies (a).
To prove that (a) implies (c), we consider each β ∈ N n with β δ, where
Then we deduce from Lemma 5 and the notation of (7) that
has finite rank, we can proceed as in the proof of Theorem 2 to obtain
on {η ∈ C : Re η ≥ | δ + 1|}, then (12) is equivalent to
for all η i ∈ C with Re η i ≥ (δ i + 1)/m i , 1 ≤ i ≤ n. Using the same argument as in the proof of Theorem 2, we have that G(η) = 1. Then by Lemma 6, we get either | t| = 0 or | p| = 0. If | t| = 0, then it follows from G(η) = 1 that
which implies that either a = 0 or b = | s|. Similarly, if | p| = 0, then we have either a = 0 or b = ν. This completes the proof that (a) implies (c).
To prove that (c) implies (b), we first observe that condition (c) implies that either p = 0 or t = 0, and consequently, G i (η i ) = 1 on {η i ∈ C : Re η i ≥ (δ i + 1)/m i } for each i ∈ {1, · · · , n}. It is also easy to check that G(η) = 1, and so (12) holds for for all ζ ∈ C n with Re ζ i ≥ δ i , 1 ≤ i ≤ n. Thus, T r l ζ p ζ q , T r k ζ s ζ t (z β ) = 0 for each β ∈ N n with β δ. For β ∈ N n with β δ, then δ i0 > β i0 ≥ 0 for some i 0 ∈ {1, 2, · · · , n}. As in the proof of Theorem 2, condition (b) will follow if we can show that δ i0 = −p i0 + q i0 − s i0 + t i0 .
To this end, first observe that either p i0 = 0 or t i0 = 0. If p i0 = 0, then it is obvious that −s i0 + t i0 ≤ −p i0 + q i0 − s i0 + t i0 .
Since δ i0 > 0, the desired result then follows from the definition of δ i0 . If t i0 = 0, then δ i0 = max{0, −s i0 , −p i0 + q i0 − s i0 }. Since δ i0 > 0, the desired result is then obvious. This completes the proof. The desired result then follows from (13) and the above identity.
Of course, one may expect that there should exist some differences in operator theory on the Bergman spaces between on the weakly pseudoconvex domain Ω n m and on the unit ball B n . Note that | p|, | q|, | s| and | t| will always satisfy condition (a) of Corollary 10 for the case m = (1, · · · , 1). In many cases, however, this is no longer true.
In addition, it is interesting to observe that the collection of the tuple (l, k, | p|, | q|, | s|, | t|) satisfying (14) is finite. Consequently, there exist a finite number of the combination of the tuple (l, k, | p|, | q|, | s|, | t|) such that the operators T r l ζ p ζ q and T r k ζ s ζ t commute on A 2 (Ω n m ). Moreover, with the help of (14), we can easily obtain the next two corollaries, which give the specific sufficient and necessary condition for some special monomial-type Toeplitz operators to be commutitive on A 2 (Ω n m ). The first corollary characterizes commuting monomial Toeplitz operators on the Bergman space of the weakly pseudoconvex domains, which is the same as the case on the unit ball.
